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1 Introduction

Whist is a card game that originated in Turkey, but became prominent in Eng-
land. It is an international card game that has transformed into other popular
card games such as Bid Whist, Spades, and Bridge [1] .

Definition 1.1 [2] A whist tournament, Wh(4n + 1), for 4n + 1 players is a
schedule of games each involving two players playing against two others, such
that
(i) the games are arranged in 4n + 1 rounds, each n games,
(ii) each player plays in one game in all but one of the rounds,
(iii) each player partners every other player exactly once,
(iv) each player opposes every other player exactly twice.
A whist tournament, Wh(4n), for 4n players is similarly defined except that the
games are arranged in 4n−1 rounds and every player plays in exactly one game
every round.

The four players in any game can be thought of as sitting around a circular
table where partners sit across from each other. Partners of the first kind are
defined to be partners sitting in the North South positions while partners of the
second kind sit in the East West positions.

In the 1970s, it was established that whist tournaments for 4n and 4n + 1
players exist for all positive integers n. Beginning in the 1990s, mathematicians
turned their focus to different specializations of whist tournaments. There are
many specializations, but one of particular concern in this study is an ordered
whist tournament which was first introduced in an unpublished paper by Y.Lu
[3] and is defined below.

Definition 1.2 [4] An ordered whist tournament, OWh(v), for v players is a
Wh(v) such that
(i) each player opposes every other player exactly once as a partner of the first
kind
(ii) each player opposes every other player exactly once as a partner of the
second kind

Through the work of Stephanie Costa, Norman Finizio, and Philip A. Leonard
it is known that ordered whist tournaments exist for all v = 4n + 1 and do not
exist for multiples of 4 [5]. Another type of specialization is a generalized whist
tournament.

Definition 1.3 [6] A generalized whist tournament design is a schedule of
games for a tournament involving v players to be played in v rounds. A game
involves k players with teams of t players competing. A round consists of (v −
1)/k simultaneous games, with a player playing in all but one round.
Every player partners every other player t− 1 times.
Every player opposes every other player k − t times.
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Definition 1.4 A generalized whist is said to be Z−cyclic if all the players are
elements of Zv − {0}, and all the games of round i can be obtained by adding
i mod (v) to each player in round 0.

When v ≡ 1 mod 6, the initial round of a Z-cyclic generalized whist tour-
nament is traditionally thought of as the round that omits player 0. In this
paper we focused on specific generalized whist games of size 6 with teams of
size 3. Using symmetric differences it follows that a collection of n games
(ai, bi, ci, di, ei, fi), i = 1, ..., n form the initial round game of a Z-cyclic gen-
eralized whist tournament on v = 6n + 1 players if

n⋃
i=1

{ai, bi, ci, di, ei, fi} = Z6n+1 − {0} (1.1)

n⋃
i=1

{±(ai − ci),±(ai − ei),±(ci − ei),±(bi − di),±(bi − fi),±(di − fi)} (1.2)

gives us two copies of Zp − {0}
n⋃

i=1

{ai − bi, ai − di, ai − fi, di − ai, di − ci, di − ei, bi − ci, bi − ai, bi − ei,

ei − bi, ei − di, ei − fi, ci − bi, ci − di, ci − fi, fi − ai, fi − ci, fi − ei}
(1.3)

gives us three copies of Zp − {0}

We refer to the differences 1.2 and 1.3 as the partner and opponent dif-
ferences, respectively. Games of this tournament are denoted by the 6-tuple
(a, b, c, d, e, f) where (a, c, e) are partners and (b, d, f) are partners. Players
would sit at the table as follows:
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Below is an example of a Z-cyclic generalized whist tournament with 7 play-
ers. Note, we label the round by the player who sits out.

Example 1.1

Round 0: (1, 3, 2, 6, 4, 5) Round 1: (2, 4, 3, 0, 5, 6) Round 2: (3, 5, 4, 1, 6, 0)

Round 3: (4, 6, 5, 2, 0, 1) Round 4: (5, 0, 6, 3, 1, 2)

Round 5: (6, 1, 0, 4, 2, 3) Round 6: (0, 2, 1, 5, 3, 4)

In this example, since there are seven players, there is one game in each
round and there are a total of seven rounds, starting with round 0. If we look
at round 0, we see that (1, 2, 4) are teammates and they oppose players (3, 6, 5).
Since every player sits out once, we say the tournament is balanced.

2 Main Results

In this project, we worked to see if it would be possible to extend the idea of an
ordered whist tournament to a generalized whist tournament on 6n or 6n + 1
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players. We focused on tournaments where the players are divided into n games
of size 6 each consisting of two teams of size 3. We aimed to balance the 3
occasions where the players meet as opponents. In order to introduce some no-
tation, consider the game (a, b, c, d, e, f) again where (a, c, e) are partners and
(b, d, f) are partners, we would sit them around the table as follows:

We say a player is on Axis N if player is sitting in position a or d
A player is on Axis E if player is sitting in position b or e
A player is on Axis W if player is sitting in position f or c

We define our new specialization:

Definition 2.1 A (3, 6)GWhD(6n + 1) is ordered if each player opposes every
other player exactly once while sitting on Axis N, Axis W, and Axis E. We
denote such a tournament by (3, 6)OGWhD(6n + 1)

To test whether the three occasions the opponents meet are balanced, we
developed this new theorem. The theorem below allows us to check opponent
differences to see whether the construction is ordered.

Theorem 1 Let G be an abelian group such that

|G| = 6n + 1 (2.4)

Let (ai,bi,ci,di,ei,fi), 0 ≤ i ≤ n− 1 denote non-identity elements in G. Suppose
that the collection of games (ai,bi,ci,di,ei,fi), 0 ≤ i ≤ n−1 constitutes an initial
round of a cyclic (3,6) GwhD(v). This (3,6) GWhD(v) is ordered if and only if

n−1⋃
i=0

= {(ai−bi), (ai−di), (ai−fi), (di−ai), (di−ci), (di−ei)} = G−{e} (2.5)
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and

n−1⋃
i=0

= {(bi−ai), (bi− ci), (bi− ei), (ei− bi), (ei−di), (ei− fi)} = G−{e} (2.6)

and

n−1⋃
i=0

= {(ci− bi), (ci−di), (ci−fi), (fi−ai), (fi− ci), (fi− ei)} = G−{e} (2.7)

where e is the identity for G.

Proof: (⇐) Suppose that 2.5,2.6, and 2.7 from above are true. Since G has
order 6n + 1, G has 6n distinct non-identity elements. This means that the 6n
differences are all unique.

Assume that the tournament is not ordered. Then there exists at least one
pair (x, y) having the property that in their 3 meetings as opponents, x, say,
sits on Axis N both times. Without loss of generality, we can assume that x
and y meet as opponents in the following 2 games:

(x, y, ?, �, ◦, /)(x, †, o, y, ?, !)

Since these 2 games are translates of games in the initial round, it follows that

x− y = ai − bi for some initial round (ai, bi, ci, di, ei, fi)
x− y = aj − dj for some initial round (aj , bj , cj , dj , ej , fj)

Therefore,
x− y = x− y which means ai − bi = aj − dj
which contradicts the facts that differences are distinct. The above proof is
similar if x is sitting on Axis E or on Axis W. Thus the tournament is ordered.

(⇒) Suppose that the Wh(6n + 1) is ordered.
Assume that,

n−1⋃
i=0

= {(ai−bi), (ai−di), (ai−fi), (di−ai), (di−ci), (di−ei)} 6= G−{e} (2.8)

or

n−1⋃
i=0

= {(bi−ai), (bi− ci), (bi− ei), (ei− bi), (ei−di), (ei− fi)} 6= G−{e} (2.9)
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or

n−1⋃
i=0

= {(ci−bi), (ci−di), (ci−fi), (fi−ai), (fi−ci), (fi−ei)} 6= G−{e} (2.10)

Since none of the differences can equal the identity, this assumption im-
plies that at least two differences have the same value. However, no two dif-
ferences can be equal without violating the assumption that Wh(6n + 1) is
ordered.Therefore, if two differences are equal, they have to come from distinct
initial round tables:

Table i = (ai, bi, ci, di, ei, fi) and Table j = (aj , bj , cj , dj , ej , fj)

Suppose that ai − bi = aj − dj
Define x by the requirement that aj + x = ai Then in round x, Table j

becomes

(aj + x, bj + x, cj + x, dj + x, ej + x, fj + x)

which is equivalent to

(ai, bj + x, cj + x, bi, ej + x, fj + x) (2.11)

Comparing Table i with 2.11 , we see that ai opposes bi as a partner sitting on
Axis N at both tables which contradicts the fact that the tournament is ordered.
The above proof is similar for Axis E and Axis W seating positions. Similar
contradictions occur for all the other possible matchings of the differences.

We know v had to be of the form 6n + 1 and could not be of the form
6n because the theorem below states that for the tournament to be ordered,
v ≡ 1 mod 6

Theorem 2.1 If a (3,6)GWhD(v) is ordered then v ≡ 1 mod 6

Proof: Suppose the(3, 6)GWhD(v) is based on the set X with |X| = v. Let
x ∈ X and consider the totality of games in which x sits on axis N . Suppose
there are k such games. In each game x opposes 3 distinct players each sitting
on three different axes. Since the Wh(v) is ordered the 3k players that x opposes
in these k games must contain the totality of players in the tournament distinct
from x. We conclude that v = 3k + 1. This means v will always be a multiple
of six plus one and therefore v = 6n + 1.

My construction came from the definition of a cyclotomic class:
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Definition 2.2 Let p denote a prime of the form 6n + 1. If r is a generator
for Zp − {0} then for each non-zero element x ∈ Zp − {0} there exists a unique
integer i such that when r is raised to the ith power (ri), all elements of Zp−{0}
are generated. If 6|(p− 1), x = ri, and i ≡ j mod 6 then we say x is in the jth

cyclotomic class of index 6, where j < 6.

We can visualize the field of Zp − {0}, p = 6n + 1, as being divided into six
cyclotomic classes as seen in the chart below. We raise the generator, r, to p
many powers in order to get all the 6n+ 1 total players in the game. There will
be n rows in each cyclotomic class.

0 1 2 3 4 5
r0 r1 r2 r3 r4 r5

r6 r7 r8 r9 r10 r11

r12 r13 r14 r15 r16 r17

r18 r19 r20 r21 r22 r23

...
...

...
...

...
...

r6i r6i+1 r6i+2 r6i+3 r6i+4 r6i+5

...
...

...
...

...
...

r6(n−1) r6n−5 r6n−4 r6n−3 r6n−2 r6n−1



n

We have 6n + 1 total players in the tournament. There are 6n players in
any round (since one player sits out in every round). In each round, there are n
games. Our goal is to find an initial round of the tournament where all players
in table above are seated in exactly one game. In order to achieve this goal,
we want the six players in the first game of the initial round to come from dif-
ferent cyclotomic classes. Once this happens, we can obtain the other games
in the round by multiplying this group of players by r6k, 1 ≤ k ≤ n. This
means all the other games from the same round will have players from different
cyclotomic classes. We know r must be in the first class. Thus, if we choose
any y in the third class and z in the fifth class, we are guaranteed an element
in classes 2,4,0,respectively, by multiplying each of those elements by any odd
power of the primitive root. This motivates the construction of our initial round
(r, r6, y, yr5, z, zr5) × r6k, 0 ≤ k ≤ n− 1. When we multiply any game by r6 it
generates all the games of that round.

3 The Major Constructions

Let p be a prime of the form p = 6n+ 1 with n odd. Let r denote the primitive
root of p.

Construction 1 (r6, r, r5y, y, r5z, z) × r6k, 0 ≤ k ≤ n− 1
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Theorem 3.1 If (−1 + r5) ∈ C6
b and

a. We need to have exactly one of the differences r − y, r − z, and y − z in
each of the sets C6

b ∪ C6
b+3, C

6
b+1 ∪ C6

b+4, and C6
b+2 ∪ C6

b+5

b. r(−1 + yr4) ∈ C6
b+5

c. r(−1 + zr4) ∈ C6
b or r(−1 + zr4) ∈ C6

b+3

d. r6 − z ∈ C6
b+3

e. yr5 − z ∈ C6
b+4 or yr5 − z ∈ C6

b+1

f. y − r5z ∈ C6
b+4

g. r6 − y ∈ C6
b+2 or r6 − y ∈ C6

b+5

then there exists a Z-cyclic (3, 6)OGWhD(6n + 1).

Construction 2 (r6, z, r5y, r, r5z, y) × r6k, 0 ≤ k ≤ n− 1

Theorem 3.2 If (−1 + r5) ∈ C6
b and

a. We need to have exactly one of the differences r − y, r − z, and y − z in
each of the sets C6

b ∪ C6
b+3, C

6
b+1 ∪ C6

b+4, and C6
b+2 ∪ C6

b+5

b. r(−1 + yr4) ∈ C6
b+2 and r6 − y ∈ C6

b+2

or

r(−1 + yr4) ∈ C6
b+5 and r6 − y ∈ C6

b+5

c. r(−1 + zr4) ∈ C6
b and r6 − z ∈ C6

b

or

r(−1 + zr4) ∈ C6
b+3 and r6 − z ∈ C6

b+3

d. yr5 − z ∈ C6
b+4 and y − r5z ∈ C6

b+1

or

yr5 − z ∈ C6
b+1 and y − r5z ∈ C6

b+4

then there exists a Z-cyclic (3, 6)OGWhD(6n + 1).
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Construction 3 (r5y, r, r6, y, r5z, z) × r6k, 0 ≤ k ≤ n− 1

Theorem 3.3 If (−1 + r5) ∈ C6
b and

a. We need to have exactly one of the differences r − y, r − z, and y − z in
each of the sets C6

b ∪ C6
b+3, C

6
b+1 ∪ C6

b+4, and C6
b+2 ∪ C6

b+5

b. r(−1 + yr4) ∈ C6
b+4 and y − r5z ∈ C6

b+5

or

r(−1 + yr4) ∈ C6
b+5 and y − r5z ∈ C6

b+4

c. r(−1 + zr4) ∈ C6
b or r(−1 + zr4) ∈ C6

b+3

d. r6 − z ∈ C6
b or r6 − z ∈ C6

b+3

e. yr5 − z ∈ C6
b+2 and r6 − y ∈ C6

b+4

or

yr5 − z ∈ C6
b+1 and r6 − y ∈ C6

b+5

then there exists a Z-cyclic (3, 6)OGWhD(6n + 1).

Construction 4 (r6, y, r5y, z, r5z, r) × r6k, 0 ≤ k ≤ n− 1

Theorem 3.4 If (−1 + r5) ∈ C6
b and

a. We need to have exactly one of the differences r − y, r − z, and y − z in
each of the sets C6

b ∪ C6
b+3, C

6
b+1 ∪ C6

b+4, and C6
b+2 ∪ C6

b+5

b. r(−1 + yr4) ∈ C6
b+5 or r(−1 + yr4) ∈ C6

b+2

c. r(−1 + zr4) ∈ C6
b+3

d. r6 − z ∈ C6
b or r6 − z ∈ C6

b+3

e. yr5 − z ∈ C6
b+1

f. r6 − y ∈ C6
b+5

g. y − r5z ∈ C6
b+1 or y − r5z ∈ C6

b+4

then there exists a Z-cyclic (3, 6)OGWhD(6n + 1).
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Construction 5 (r6, y, r5y, r, r5z, z) × r6k, 0 ≤ k ≤ n− 1

Theorem 3.5 If (−1 + r5) ∈ C6
b and

a. We need to have exactly one of the differences r − y, r − z, and y − z in
each of the sets C6

b ∪ C6
b+3, C

6
b+1 ∪ C6

b+4, and C6
b+2 ∪ C6

b+5

b. r(−1 + yr4) ∈ C6
b and r6 − z ∈ C6

b+2

or

r(−1 + yr4) ∈ C6
b+5 and r6 − z ∈ C6

b+3

c. r(−1 + zr4) ∈ C6
b+3 and r6 − y ∈ C6

b+5

or

r(−1 + zr4) ∈ C6
b+2 and r6 − y ∈ C6

b

d. yr5 − z ∈ C6
b+1 or yr5 − z ∈ C6

b+4

e. y − r5z ∈ C6
b+1 or y − r5z ∈ C6

b+4

then there exists a Z-cyclic (3, 6)OGWhD(6n + 1).

Construction 6 (r6, z, r5y, y, r5z, r) × r6k, 0 ≤ k ≤ n− 1

Theorem 3.6 If (−1 + r5) ∈ C6
b and

a. We need to have exactly one of the differences r − y, r − z, and y − z in
each of the sets C6

b ∪ C6
b+3, C

6
b+1 ∪ C6

b+4, and C6
b+2 ∪ C6

b+5

b. r(−1 + zr4) ∈ C6
b+4 and yr5 − z ∈ C6

b

or

r(−1 + zr4) ∈ C6
b+3 and yr5 − z ∈ C6

b+1

c. r(−1 + yr4) ∈ C6
b+2 or r(−1 + yr4) ∈ C6

b+5

d. r6 − y ∈ C6
b+2 or r6 − y ∈ C6

b+5

e. r6 − z ∈ C6
b+3 and y − r5z ∈ C6

b+4

or
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r6 − z ∈ C6
b+4 and y − r5z ∈ C6

b+3

then there exists a Z-cyclic (3, 6)OGWhD(6n + 1).

Proof: In order to show that this construction produces a Z-cyclic (3, 6)OGWhD(v)
we must show conditions 1.2, and 2.5-2.7 are satisfied. Since p is prime we are
guaranteed Zp − {0} has a generator. We also know that for any generator r

r
p−1
2 ≡ −1(modp). For us, p = 6n + 1 so, r

(6n+1)−1
2 = r3n ≡ −1(modp). If n

is even, −1 is in the 0 class. When −1 is in the 0 class, it forces two of the
opponent differences to be in the same class and thus our construction will not
be ordered. We want n to be odd to allow −1 in the 3rd class, which means we
will not have two opponent differences in the same cyclotomic class on the same
axis. This allows the construction to be ordered. Therefore, n must be odd so
our construction can be ordered.
All the partners are the same for constructions 1-6. Therefore, for all six we
must show that the partner differences produce two copies of Zp − {0}. The
partner differences are r5(r − y), r5(r − z), r5(y − z), −r5(r − y), −r5(r − z),
−r5(y − z), r − y, r − z, y − z, −r + y, −r + z, −y + z. We need to have
exactly one of the differences r− y, r− z, and y− z in C6

b ∪C6
b+3, C

6
b+1 ∪C6

b+4,
and C6

b+2 ∪ C6
b+5 which is satisfied by condition a. Now we must look at the

opponent differences for constructions 1-6. To check the opponent differences,
we must verify conditions 2.5-2.7 for each construction.
Construction 1
The Axis N opponent differences are r6 − y, −r6 + y, r(−1 + r5),−y(−1 + r5),
r6 − z, y − r5z. By Theorem 3.1, these differences are in classes b + 2 or b + 5;
b + 5 or b + 2; b + 1; b; b + 3 and b + 4, respectively. Thus, this construction
satisfies condition 2.5.
Taking the opponent differences for Axis E, we obtain −r(−1+r5), r(−1+r4y),
−r(−1 + r4z), r(−1 + r4z), −y+ r5z, z(−1 + r5). By Theorem 3.1, these differ-
ences are in classes b+4; b+2; b or b+3; b+3 or b; b+1; and b+5, respectively.
Thus, this construction satisfies condition 2.6.
If we do the same for Axis W opponent differences, we obtain r(−1 + r4y),
y(−1 + r5), r5y − z, −r5y + z, −r6 + z, −z(−1 + r5). By Theorem 3.1, these
differences are in classes b + 5; b + 3; b + 4 or b + 1; b + 1 or b + 4; b; and b + 2,
respectively. Thus, this construction satisfies condition 2.7.
Construction 2
The Axis N opponent differences are r6−z, −r(−1+r4z), r6−y, −r(−1+r4y),
r(−1 + r5), −r(−1 + r5). By Theorem 3.2, these differences are in classes b or
b + 3; b + 3 or b; b + 2 or b + 5; b + 5 or b + 2; b + 1; and b + 4, respectively.
Thus, this construction satisfies condition 2.5.
Doing the same for Axis E partner differences we obtain −r6 + z, r(−1 + r4z),
−r5y+z, −y+ r5z, −z(−1+ r5), z(−1+ r5). By Theorem 3.2, these differences
are in classes b+ 3 or b; b or b+ 3; b+ 1 or b+ 4; b+ 4 or b+ 1; b+ 2; and b+ 5,
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respectively. Thus, this construction satisfies condition 2.6.
Now looking at the Axis W opponent differences we obtain r5y − z, y − r5z,
r(−1 + r4y), r6 + y, y(−1 + r5), −y(−1 + r5). By Theorem 3.2, these differnces
are in classes b + 4 or b + 1; b + 1 or b + 4; b + 2 or b + 5; b + 5 or b + 2; b + 3;
and b, respectively. Thus, this construction satisfies condition 2.7.
Construction 3
The Axis N opponent differences are r(−1 + r4y), y − r5z, r5y − z, −r6 + y,
y(−1 + r5), −y(−1 + r5). By Theorem 3.3, these differences are in classes b+ 4
or b + 5; b + 5 or b + 4; b + 2 or b + 1; b + 1 or b + 2; b + 3; and b, respectively.
Thus, this construction satisfies condition 2.5.
For Axis E opponent differences we obtain −r(−1+r4y), −y+r5z, r(−1+r4z),
−r(−1 + r4z), −r(−1 + r5), z(−1 + r5). By Theorem 3.3, these differences are
in classes b + 1 or b + 2; b + 2 or b + 1; b or b + 3; b + 3 or b; b + 4; and b + 5,
respectively. Thus, this construction satisfies condition 2.6.
Looking at Axis W opponent differences we obtain r6 − y, −r5y + z, r6 − z,
−r6 + z, r(−1 + r5), −z(−1 + r5). By Theorem 3.3, these differences are in
classes b + 4 or b + 5; b + 5 or b + 4; b or b + 3; b + 3 or b; b + 1; and b + 2,
respectively. Thus, this construction satisfies condition 2.7.
Construction 4
The Axis N opponent differences are r6− y, r(−1 + r5), −r5y + z, −z(−1 + r5),
r6 − z, −r6 + z. By Theorem 3.4, these differences are in classes b + 5; b + 1;
b + 4; b + 2; b or b + 3; and b + 3 or b, respectively. Thus, this construction
satisfies condition 2.5.
If we look at the Axis E opponent differences we obtain −r6 + y, −y(−1 + r5),
z(−1 + r5), r(−1 + r4z), y − r5z, −y + r5z. By Theorem 3.4, these differences
are in classes b+ 2; b; b+ 5; b+ 3; b+ 4 or b+ 1; and b+ 1 or b+ 4, respectively.
Thus, this construction satisfies condition 2.6.
Now when we look at the Axis W opponent differences we obtain y(−1 + r5),
r5y − z, −r(−1 + r5), −r(−1 + r4z), r(−1 + r4y), −r(−1 + r4y). By Theorem
3.4, these differences are in classes b+ 3; b+ 1; b+ 4; b; b+ 5 or b+ 2; and b+ 2
or b + 5, respectively. Thus, this construction satisfies condition 2.7.
Construction 5
The Axis N opponent differences are r6−y, −r(−1+r4z), r6−z, −r(−1+r4y),
r(−1 + r5), −r(−1 + r5). By Theorem 3.5, these differences are in classes b + 5
or b; b or b+ 5; b+ 2 or b+ 3; b+ 3 or b+ 2; b+ 1; and b+ 4, respectively. Thus,
this construction satisfies condition 2.5.
For the Axis E opponent differences we obtain −r6 + y, r(−1 + r4z), y − r5z,
−y + r5z, −y(−1 + r5), z(−1 + r5). By Theorem 3.5, these differences are in
classes b + 2 or b + 3; b + 3 or b + 2; b + 1 or b + 4; b + 4 or b + 1; b; and b + 5,
respectively. Thus, this construction satisfies condition 2.6.
For the Axis W opponent differences we obtain r(−1 + r4y), −r6 + z, r5y − z,
−r5y + z, y(−1 + r5), −z(−1 + r5). By Theorem 3.5, these differences are in
classes b or b + 5; b + 5 or b; b + 1 or b + 4; b + 4 or b + 1; b + 3; and b + 2,
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respectively. Thus, this construction satisfies condition 2.7.
Construction 6
The Axis N opponent differences are r6−z, y− r5z, r6−y, −r6 +y, r(−1+ r5),
−y(−1 + r5). By Theorem 3.6, these differences are in classes b + 3 or b + 4;
b+ 4 or b+ 3; b+ 2 or b+ 5; b+ 5 or b+ 2; b+ 1; and b, respectively. Thus, this
construction satisfies condition 2.5.
Now we looked at Axis E opponent differences to obtain −r6 + z, −y + r5z,
−r5y + z, r(−1 + r4z), −z(−1 + r5), z(−1 + r5). By Theorem 3.6, these differ-
ences are in classes b or b+ 1; b+ 1 or b; b+ 3 or b+ 4; b+ 4 or b+ 3; b+ 2; and
b + 5, respectively. Thus, this construction satisfies condition 2.6.
Then we looked at the Axis W opponent differences to obtain r5y− z, −r(−1 +
r4z), r(−1 + r4y), −r(−1 + r4y), y(−1 + r5), −r(−1 + r5). By Theorem 3.6,
these differences are in classes b or b + 1; b + 1 or b; b + 2 or b + 5; b + 5 or
b+2; b+3; and b+4, respectively. Thus, this construction satisfies condition 2.7.

The following is an example of the smallest and first known (3, 6)OGWhD(6n+
1).

Example 3.1 The initial round of a (3, 6)OGWhD(31):

(16, 3, 18, 15, 28, 13)× 36k 0 ≤ k ≤ 4

The initial round has all players, but player 0 playing. We can visualize the
players of the initial round in each of the six cyclotomic classes as follows:

0 1 2 3 4 5
1 3 9 27 19 26

16 17 20 29 25 13
8 24 10 30 28 22
4 12 5 15 14 11
2 6 18 23 7 21

This initial round is generated using construction 1. In this particular case
v = 31, the primitive root, r, is 3, y is 15, and z is 13; it can be verified that
these values satisfy the conditions of Theorem 3.1. The numbers in bold are the
players in the first game of the initial round. In order to get to the next game of
the initial round, we multiply these players by 36. This means the second game
in the initial round are the players below each of the red colored players. This
pattern continues and allows all the players in a specific game to come from a
different cyclotomic class. It also ensures that all the players, except player 0,
are playing in round 0. We found many more examples of (3, 6)OGWhD(6n+1).
A partial list for the first five hundred odd values of n is below: The solutions
are of the form (p, r, y, z, c) where c represents the construction number.

13



(31, 3, 15, 13, 1) (79, 3, 69, 7, 3)
(79, 34, 71, 53, 2) (103, 12, 37, 54, 1)
(103, 77, 22, 12, 6) (139, 130, 59, 98, 6)
(139, 119, 133, 26, 3) (139, 26, 133, 119, 2)
(151, 133, 28, 141, 2) (151, 54, 67, 30, 3)
(163, 42, 86, 108, 4) (163, 42, 125, 124, 5)
(163, 94, 127, 107, 3) (163, 94, 110, 107, 6)
(163, 52, 98, 80, 1) (199, 127, 171, 73, 4)
(199, 127, 101, 183, 5) (199, 179, 17, 156, 1)
(199, 146, 59, 170, 6) (211, 149, 206, 131, 6)
(211, 155, 104, 57, 3) (211, 155, 104, 57, 5)
(211, 155, 18, 160, 4) (223, 20, 209, 67, 6)
(223, 180, 13, 35, 1) (223, 180, 13, 35, 2)
(223, 180, 13, 35, 3) (223, 180, 13, 35, 4)
(223, 180, 13, 35, 5) (271, 142, 192, 94, 3)
(271, 142, 192, 94, 5) (271, 142, 30, 201, 4)
(271, 269, 191, 43, 6) (283, 206, 33, 145, 4)
(283, 206, 279, 123, 5) (283, 272, 212, 82, 3)
(283, 154, 267, 145, 1) (283, 154, 267, 145, 2)
(283, 258, 122, 26, 6) (307, 5, 303, 139, 1)
(307, 98, 91, 200, 6) (307, 263, 3, 214, 5)
(307, 263, 38, 279, 2) (307, 263, 136, 236, 4)
(307, 151, 202, 195, 3) (331, 3, 235, 93, 3)
(331, 278, 12, 41, 2) (331, 90, 275, 315, 5)
(331, 90, 73, 315, 6) (331, 90, 73, 210, 4)
(367, 282, 235, 305, 6) (367, 282, 138, 115, 4)
(367, 282, 366, 265, 5) (367, 42, 141, 330, 1)
(367, 116, 233, 294, 2) (367, 139, 318, 194, 3)
(379, 153, 349, 172, 6) (379, 317, 356, 74, 3)
(379, 201, 241, 299, 5) (379, 201, 133, 78, 4)
(379, 46, 340, 272, 1) (379, 279, 229, 154, 2)
(439, 15, 309, 241, 5) (439, 15, 293, 184, 4)
(439, 15, 378, 236, 6) (439, 238, 437, 410, 3)
(439, 395, 314, 34, 2) (439, 197, 358, 323, 1)
(463, 3, 7, 281, 1) (463, 214, 129, 332, 3)
(463, 214, 129, 332, 4) (463, 214, 339, 93, 6)
(463, 214, 71, 19, 5) (463, 295, 455, 176, 2)
(487, 3, 236, 457, 1) (487, 3, 236, 457, 6)
(487, 3, 438, 366, 4) (487, 3, 12, 291, 5)
(487, 239, 309, 415, 3) (487, 239, 96, 223, 2)
(499, 340, 425, 86, 5) (499, 340, 468, 272, 4)
(499, 340, 381, 102, 6) (499, 193, 425, 380, 2)
(499, 321, 13, 153, 1) (499, 321, 330, 218, 3)
(523, 128, 445, 132, 6) (523, 128, 346, 67, 4)
(523, 128, 65, 380, 5) (523, 479, 3, 45, 1)
(523, 479, 3, 392, 3) (523, 427, 38, 333, 2)
(547, 407, 101, 39, 6) (547, 407, 352, 418, 2)
(547, 407, 352, 418, 5) (547, 407, 244, 180, 4)
(547, 339, 323, 432, 1) (547, 339, 323, 432, 3)
(571, 3, 27, 243, 3) (571, 474, 417, 251, 2)
(571, 91, 26, 246, 6) (571, 91, 343, 298, 1)
(571, 91, 343, 298, 4) (571, 91, 343, 298, 5)
(607, 3, 156, 306, 6) (607, 3, 238, 39, 1)
(607, 3, 216, 502, 5) (607, 3, 125, 430, 4)
(607, 510, 156, 453, 3) (607, 317, 435, 74, 2)
(619, 2, 336, 108, 4) (619, 2, 321, 75, 5)
(619, 2, 610, 103, 6) (619, 614, 113, 372, 3)
(619, 566, 410, 262, 1) (619, 566, 410, 262, 2)
(631, 3, 27, 307, 4) (631, 3, 333, 473, 5)
(631, 3, 595, 421, 6) (631, 467, 293, 550, 2)
(631, 334, 377, 53, 3) (631, 482, 240, 473, 1)
(643, 11, 18, 614, 2) (643, 301, 103, 569, 4)
(643, 301, 639, 555, 6) (643, 301, 192, 337, 5)
(643, 291, 286, 145, 1) (643, 210, 480, 69, 3)
(691, 3, 371, 521, 5) (691, 3, 687, 682, 3)
(691, 3, 620, 68, 2) (691, 3, 611, 334, 6)
(691, 3, 671, 41, 4) (691, 186, 627, 656, 1)
(727, 5, 471, 312, 1) (727, 5, 471, 373, 5)
(727, 5, 41, 614, 4) (727, 5, 199, 107, 6)
(727, 217, 6, 496, 2) (727, 203, 198, 90, 3)
(739, 3, 523, 33, 2) (739, 3, 523, 33, 4)
(739, 3, 714, 138, 5) (739, 3, 456, 319, 6)
(739, 526, 553, 240, 1) (739, 526, 553, 78, 3)
(751, 3, 294, 645, 5) (751, 3, 566, 69, 4)
(751, 685, 505, 515, 6) (751, 701, 266, 381, 3)
(751, 701, 491, 150, 2) (751, 547, 85, 653, 1)
(787, 2, 245, 143, 5) (787, 2, 571, 722, 2)
(787, 2, 377, 363, 4) (787, 2, 743, 119, 6)
(787, 474, 317, 141, 3) (787, 474, 210, 103, 1)
(811, 3, 65, 508, 6) (811, 565, 118, 644, 4)
(811, 565, 599, 79, 5) (811, 565, 612, 772, 3)
(811, 578, 615, 734, 2) (811, 453, 382, 217, 1)
(823, 3, 27, 549, 6) (823, 3, 566, 344, 1)
(823, 3, 615, 753, 4) (823, 3, 623, 150, 5)
(823, 608, 311, 420, 3) (823, 567, 342, 541, 2)
(859, 2, 331, 722, 6) (859, 2, 167, 725, 5)
(859, 2, 199, 715, 4) (859, 2, 337, 520, 2)
(859, 32, 589, 238, 1) (859, 32, 589, 238, 3)
(883, 2, 335, 730, 4) (883, 2, 861, 58, 6)
(883, 2, 482, 874, 1) (883, 2, 482, 874, 5)
(883, 32, 158, 449, 3) (883, 282, 768, 197, 2)
(907, 2, 364, 282, 4) (907, 2, 893, 391, 6)
(907, 2, 431, 440, 5) (907, 32, 807, 766, 2)
(907, 29, 252, 626, 3) (907, 672, 252, 373, 1)
(919, 7, 632, 693, 6) (919, 7, 542, 870, 4)
(919, 7, 918, 579, 5) (919, 265, 595, 573, 3)
(919, 829, 461, 896, 1) (919, 388, 689, 369, 2)
(967, 5, 393, 411, 5) (967, 5, 33, 515, 6)
(967, 5, 24, 650, 4) (967, 224, 325, 614, 1)
(967, 224, 175, 12, 2) (967, 224, 175, 12, 3)
(991, 474, 97, 925, 3) (991, 474, 97, 925, 5)
(991, 474, 205, 972, 4) (991, 474, 280, 221, 6)
(991, 779, 471, 665, 1) (991, 779, 471, 987, 2)
(1039, 3, 44, 6, 5) (1039, 3, 436, 218, 4)
(1039, 3, 920, 369, 6) (1039, 109, 510, 89, 1)
(1039, 517, 546, 424, 3) (1039, 798, 486, 46, 2)
(1051, 7, 2, 194, 1) (1051, 7, 732, 458, 4)
(1051, 7, 835, 209, 3) (1051, 7, 252, 567, 6)
(1051, 7, 879, 181, 5) (1051, 457, 765, 134, 2)
(1063, 3, 562, 689, 3) (1063, 3, 562, 689, 5)
(1063, 3, 1019, 426, 6) (1063, 3, 412, 172, 4)
(1063, 61, 43, 313, 1) (1063, 689, 652, 724, 2)
(1087, 3, 210, 763, 5) (1087, 3, 129, 112, 3)
(1087, 3, 1062, 934, 6) (1087, 3, 442, 46, 4)
(1087, 243, 330, 287, 1) (1087, 243, 559, 627, 2)
(1123, 2, 8, 492, 6) (1123, 2, 879, 124, 5)
(1123, 2, 245, 264, 2) (1123, 2, 566, 253, 1)
(1123, 2, 404, 405, 4) (1123, 32, 35, 1056, 3)
(1171, 2, 730, 502, 4) (1171, 2, 935, 640, 6)
(1171, 2, 505, 360, 5) (1171, 128, 560, 217, 2)
(1171, 128, 143, 791, 1) (1171, 877, 90, 748, 3)
(1231, 3, 1035, 457, 1) (1231, 3, 1035, 457, 5)
(1231, 3, 111, 1030, 6) (1231, 3, 351, 471, 4)
(1231, 444, 904, 1180, 3) (1231, 744, 1049, 331, 2)
(1279, 3, 1085, 613, 6) (1279, 3, 88, 171, 1)
(1279, 3, 88, 171, 2) (1279, 3, 88, 171, 3)
(1279, 3, 88, 171, 4) (1279, 3, 88, 171, 5)
(1291, 2, 8, 74, 6) (1291, 2, 1037, 202, 2)
(1291, 2, 1037, 202, 5) (1291, 2, 972, 974, 4)
(1291, 2, 1244, 974, 1) (1291, 128, 1174, 1287, 3)
(1303, 6, 1248, 584, 3) (1303, 6, 1248, 584, 5)
(1303, 6, 727, 570, 1) (1303, 6, 955, 584, 6)
(1303, 6, 955, 639, 4) (1303, 160, 923, 917, 2)
(1327, 3, 1196, 73, 6) (1327, 3, 1196, 1008, 5)
(1327, 3, 957, 73, 1) (1327, 3, 957, 73, 2)
(1327, 3, 957, 73, 3) (1327, 3, 957, 73, 4)
(1399, 13, 862, 1259, 1) (1399, 13, 1240, 595, 5)
(1399, 13, 1056, 321, 6) (1399, 13, 708, 1221, 4)
(1399, 13, 469, 1158, 2) (1399, 558, 954, 391, 3)
(1423, 3, 726, 504, 4) (1423, 3, 432, 665, 5)
(1423, 3, 357, 68, 6) (1423, 3, 714, 243, 1)
(1423, 563, 592, 1358, 3) (1423, 563, 369, 663, 2)
(1447, 3, 538, 1375, 4) (1447, 3, 1266, 1304, 5)
(1447, 3, 516, 1438, 6) (1447, 740, 757, 1230, 2)
(1447, 740, 708, 1375, 1) (1447, 613, 488, 346, 3)
(1459, 3, 716, 940, 1) (1459, 3, 716, 940, 4)
(1459, 3, 759, 243, 5) (1459, 3, 348, 1083, 6)
(1459, 243, 1124, 1049, 3) (1459, 728, 443, 153, 2)
(1471, 6, 805, 408, 5) (1471, 6, 35, 1430, 3)
(1471, 6, 1030, 318, 4) (1471, 6, 940, 1143, 6)
(1471, 1384, 751, 1142, 1) (1471, 1384, 818, 694, 2)
(1483, 2, 125, 278, 6) (1483, 2, 1397, 278, 2)
(1483, 2, 1397, 278, 5) (1483, 2, 1006, 974, 1)
(1483, 2, 97, 565, 4) (1483, 2, 347, 1108, 3)
(1531, 2, 191, 1022, 5) (1531, 2, 1507, 1052, 6)
(1531, 2, 691, 652, 4) (1531, 128, 1450, 97, 1)
(1531, 128, 535, 193, 2) (1531, 128, 535, 193, 3)
(1543, 5, 1230, 1297, 1) (1543, 5, 1230, 1297, 5)
(1543, 5, 609, 478, 3) (1543, 5, 1214, 152, 6)
(1543, 5, 1063, 782, 2) (1543, 5, 1542, 345, 4)
(1567, 3, 1403, 76, 1) (1567, 3, 1403, 568, 5)
(1567, 3, 1126, 875, 4) (1567, 3, 1327, 584, 6)
(1567, 243, 1307, 309, 3) (1567, 243, 1027, 779, 2)
(1579, 3, 8, 1508, 5) (1579, 3, 986, 1217, 6)
(1579, 3, 1523, 325, 1) (1579, 3, 422, 1180, 4)
(1579, 243, 1036, 1084, 2) (1579, 243, 561, 3, 3)
(1627, 3, 989, 666, 6) (1627, 3, 258, 450, 4)
(1627, 3, 1020, 1481, 5) (1627, 3, 832, 792, 3)
(1627, 243, 786, 899, 2) (1627, 243, 1383, 1221, 1)
(1663, 3, 627, 1641, 2) (1663, 3, 871, 417, 6)
(1663, 3, 1498, 760, 4) (1663, 3, 1000, 303, 5)
(1663, 3, 1165, 654, 3) (1663, 524, 1564, 175, 1)
(1699, 3, 27, 182, 1) (1699, 3, 27, 608, 6)
(1699, 3, 27, 1130, 4) (1699, 3, 777, 587, 2)
(1699, 3, 209, 182, 5) (1699, 3, 1124, 906, 3)
(1723, 3, 1406, 466, 6) (1723, 3, 512, 1290, 5)
(1723, 3, 1320, 1686, 4) (1723, 3, 929, 435, 3)
(1723, 243, 245, 559, 1) (1723, 243, 1286, 1006, 2)
(1747, 2, 808, 1371, 1) (1747, 2, 808, 1371, 2)
(1747, 2, 808, 1371, 3) (1747, 2, 808, 1371, 4)
(1747, 2, 808, 1371, 5) (1747, 2, 1492, 208, 6)
(1759, 6, 1448, 327, 6) (1759, 6, 798, 753, 5)
(1759, 6, 1494, 919, 3) (1759, 6, 339, 898, 4)
(1759, 6, 1289, 464, 1) (1759, 255, 757, 791, 2)
(1783, 10, 894, 487, 1) (1783, 10, 894, 487, 4)
(1783, 10, 894, 1317, 6) (1783, 10, 894, 1649, 5)
(1783, 10, 165, 486, 2) (1783, 1454, 263, 1490, 3)
(1831, 3, 1373, 1199, 4) (1831, 3, 658, 893, 2)
(1831, 3, 658, 1196, 5) (1831, 3, 1184, 863, 6)
(1831, 3, 735, 1371, 1) (1831, 3, 1575, 263, 3)
(1867, 2, 965, 1491, 2) (1867, 2, 1674, 1268, 4)
(1867, 2, 1139, 181, 6) (1867, 2, 907, 1157, 5)
(1867, 2, 1191, 995, 1) (1867, 2, 1191, 995, 3)
(1879, 6, 1536, 877, 2) (1879, 6, 871, 1310, 1)
(1879, 6, 283, 1319, 5) (1879, 6, 716, 164, 6)
(1879, 6, 101, 113, 4) (1879, 6, 416, 1874, 3)
(1951, 3, 636, 1504, 3) (1951, 3, 636, 1504, 5)
(1951, 3, 1257, 1044, 6) (1951, 3, 1065, 1532, 2)
(1951, 3, 898, 1148, 4) (1951, 3, 228, 1720, 1)
(1987, 2, 867, 1362, 5) (1987, 2, 1839, 242, 3)
(1987, 2, 1804, 1881, 4) (1987, 2, 894, 762, 6)
(1987, 2, 1294, 691, 1) (1987, 2, 1294, 691, 2)
(1999, 3, 1172, 350, 6) (1999, 3, 432, 580, 4)
(1999, 3, 1003, 1523, 5) (1999, 3, 838, 1638, 1)
(1999, 3, 771, 246, 2) (1999, 3, 905, 478, 3)
(2011, 3, 1966, 1821, 4) (2011, 3, 1448, 561, 6)
(2011, 3, 1460, 723, 3) (2011, 3, 1602, 873, 5)
(2011, 1611, 1064, 1497, 2) (2011, 1611, 570, 855, 1)
(2083, 2, 1969, 812, 3) (2083, 2, 1969, 812, 4)
(2083, 2, 1727, 872, 5) (2083, 2, 1385, 783, 1)
(2083, 2, 86, 1356, 6) (2083, 2, 296, 2077, 2)
(2131, 2, 1522, 102, 4) (2131, 2, 1841, 1561, 3)
(2131, 2, 2107, 1689, 5) (2131, 2, 936, 1193, 1)
(2131, 2, 703, 2103, 6) (2131, 2, 29, 792, 2)
(2143, 3, 102, 147, 4) (2143, 3, 175, 243, 6)
(2143, 3, 175, 1605, 1) (2143, 3, 175, 1664, 5)
(2143, 3, 794, 243, 3) (2143, 243, 1801, 1595, 2)
(2179, 7, 844, 620, 5) (2179, 7, 128, 1774, 1)
(2179, 7, 867, 927, 6) (2179, 7, 162, 2010, 4)
(2179, 1554, 578, 2158, 2) (2179, 2060, 106, 589, 3)
(2203, 5, 1240, 685, 4) (2203, 5, 895, 1343, 5)
(2203, 5, 1908, 383, 1) (2203, 5, 1768, 2049, 6)
(2203, 5, 1400, 1757, 3) (2203, 1020, 2107, 1279, 2)
(2239, 3, 794, 1642, 6) (2239, 3, 48, 818, 5)
(2239, 3, 414, 2128, 4) (2239, 3, 1791, 917, 3)
(2239, 3, 258, 740, 1) (2239, 243, 428, 330, 2)
(2251, 7, 2158, 29, 5) (2251, 7, 1223, 464, 6)
(2251, 7, 807, 1937, 4) (2251, 7, 721, 425, 3)
(2251, 7, 721, 2231, 1) (2251, 7, 721, 2231, 2)
(2287, 19, 2159, 394, 6) (2287, 19, 1537, 2208, 4)
(2287, 19, 779, 2208, 2) (2287, 19, 1646, 266, 5)
(2287, 19, 1179, 1873, 1) (2287, 19, 1179, 1873, 3)
(2311, 3, 1294, 1097, 6) (2311, 3, 2261, 1099, 5)
(2311, 3, 2024, 1257, 1) (2311, 3, 1182, 1993, 4)
(2311, 2044, 253, 1249, 2) (2311, 1483, 1293, 1270, 3)
(2347, 3, 2081, 1571, 6) (2347, 3, 804, 954, 3)
(2347, 3, 804, 954, 4) (2347, 3, 804, 1905, 2)
(2347, 3, 722, 1756, 5) (2347, 3, 1669, 1070, 1)
(2371, 2, 1945, 544, 4) (2371, 2, 1188, 2048, 1)
(2371, 2, 1188, 2048, 2) (2371, 2, 1188, 2048, 3)
(2371, 2, 1188, 2048, 5) (2371, 2, 2354, 1699, 6)
(2383, 5, 125, 1822, 1) (2383, 5, 125, 1919, 5)
(2383, 5, 894, 455, 3) (2383, 5, 1035, 2198, 6)
(2383, 5, 1733, 1673, 4) (2383, 5, 1629, 749, 2)
(2467, 2, 8, 703, 4) (2467, 2, 947, 1260, 1)
(2467, 2, 1743, 2038, 5) (2467, 2, 2026, 417, 6)
(2467, 2, 1568, 1901, 2) (2467, 32, 1250, 1929, 3)
(2503, 3, 472, 1906, 2) (2503, 3, 1177, 322, 1)
(2503, 3, 1177, 322, 5) (2503, 3, 2125, 1107, 6)
(2503, 3, 407, 1281, 4) (2503, 243, 123, 350, 3)
(2539, 2, 714, 1160, 5) (2539, 2, 734, 1525, 6)
(2539, 2, 1875, 26, 4) (2539, 2, 1624, 495, 1)
(2539, 2, 15, 97, 3) (2539, 32, 2009, 1531, 2)
(2551, 6, 702, 1489, 4) (2551, 6, 431, 1469, 1)
(2551, 6, 431, 862, 2) (2551, 6, 431, 862, 6)
(2551, 6, 2264, 210, 3) (2551, 6, 1912, 445, 5)
(2647, 3, 1643, 1786, 1) (2647, 3, 1835, 1218, 4)
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(5623, 5, 5177, 2838, 1) (5623, 5, 5177, 4584, 4)
(5623, 5, 1973, 886, 5) (5623, 5, 1973, 3449, 3)
(5647, 3, 2872, 3308, 1) (5647, 3, 2872, 5504, 5)
(5647, 3, 649, 1670, 3) (5647, 3, 649, 656, 6)
(5647, 3, 5460, 5199, 4) (5647, 3, 1093, 314, 2)
(5659, 2, 4543, 4923, 4) (5659, 2, 1448, 1473, 1)
(5659, 2, 376, 3934, 6) (5659, 2, 3109, 2522, 2)
(5659, 2, 356, 2071, 5) (5659, 2, 356, 2644, 3)
(5683, 2, 8, 5332, 6) (5683, 2, 2317, 3658, 3)
(5683, 2, 2317, 1013, 5) (5683, 2, 4361, 2178, 1)
(5683, 2, 504, 2016, 4) (5683, 2, 458, 928, 2)
(5743, 10, 3605, 4715, 5) (5743, 10, 3605, 1386, 3)
(5743, 10, 1715, 226, 4) (5743, 10, 37, 4896, 6)
(5743, 10, 4846, 1957, 2) (5743, 10, 2047, 2453, 1)
(5779, 2, 8, 4061, 6) (5779, 2, 5154, 1498, 4)
(5779, 2, 5217, 540, 5) (5779, 2, 1282, 2817, 2)
(5779, 2, 1282, 4980, 3) (5779, 2, 1142, 1179, 1)
(5791, 6, 2473, 359, 1) (5791, 6, 2473, 359, 6)
(5791, 6, 2473, 812, 3) (5791, 6, 5110, 3639, 4)
(5791, 6, 468, 1644, 2) (5791, 6, 3925, 3394, 5)
(5827, 2, 5366, 5468, 2) (5827, 2, 5366, 5468, 4)
(5827, 2, 5366, 5758, 3) (5827, 2, 3800, 4291, 6)
(5827, 2, 3586, 3868, 5) (5827, 2, 1453, 3873, 1)
(5839, 6, 2927, 4764, 6) (5839, 6, 3386, 699, 5)
(5839, 6, 3386, 5453, 3) (5839, 6, 2072, 4460, 4)
(5839, 6, 748, 5116, 1) (5839, 6, 1623, 1098, 2)
(5851, 2, 1639, 356, 3) (5851, 2, 1639, 356, 4)
(5851, 2, 1639, 4339, 2) (5851, 2, 5672, 476, 6)
(5851, 2, 1651, 4339, 5) (5851, 2, 183, 430, 1)
(5923, 2, 2548, 3826, 6) (5923, 2, 4976, 2811, 1)
(5923, 2, 4976, 2357, 3) (5923, 2, 4976, 2357, 4)
(5923, 2, 321, 990, 5) (5923, 2, 398, 2449, 2)
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